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We present a method in which the Pad4 approximant is used to 
calculate the asymptotic behavior of a function from the first few 
terms of its power series, We illustrate this method by two examples 
and give a partial justification of it. One of the examples is a calcula- 
tion of the binding energy of a Fermi gas of hard spheres. 
I. INTRODUCTION 
The Pad6 approximant is well known in mathematics [l] .l This 
paper contains two examples of the application of the method to problems 
in mathematical physics. Both examples consist of rearrangements 
of infinite series for large values of the expansion parameter (possibly 
even values of the expansion parameter for which a series diverges), 
yet useful results are obtained by using only the first few terms of the 
series. 
In the last section we discuss the proof of the validity of these 
procedures. The basic resuIt is, if f(z) goes to infinity like zk, then the 
[fi, $ + K] Pad6 approximants converge to the correct coefficient of 
zk in the limit as $ goes to infinity. 
IT. THE SCATTERXNG LENGTH OF A HARD CORE POTENTI.$L 
The first two terms in the iterated solution of the integral equation 
for the K-matrix are 
* This work done under the auspices of the U.S. Atomic Energy Commission. 
1 We follow the notation of reference 1. 
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where 
(k’[Vik)=Ag drexp(-ik’*r)V’(r)exp(ik*r) 
s 
(2) 
and the scattering length is 
a = - (OIKIO) 
For the repulsive square well potential 
(3) 
so that 
where 
2PV 3 g=-c 
h2 
x = k”c 
For V + + CO, a will be finite; 
[ 1,X] Pad6 approximant 
(4 
therefore, we replace Eq. (5) by the 
5 
--t--c 
6 
for g - 00 
This last result may be compared with the exact result 
a=-c (8) 
It is possible to answer the question of the convergence of the sequence 
of Pad6 approximants to a itself more sharply. There is an exact result 
corresponding to Eq. (5); namely 
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which may be derived from elementary considerations (solving the 
Schrodinger equation for a repulsive square well by fitting boundary 
conditions). By expanding Eq. (9) in powers of g, it is possible to find 
any of the sequence of Pad&. approximants [l,l], [2,2], [3,3], . . . . The 
result of a number of such calcuIations is shown in Table I. 
TABLE I 
Pad6 approximant a Fredholm approximant a 
UP11 - 516 c [1,11 - 213 c 
[2.2] - 14/15 G Pxl - 415 c 
[3,31 - 27/28 c [3,31 - 617 c 
[4,41 - 44145 c L4P41 - 819 c 
The Fredholm series is, obviously, 
-_ 
a=-c+c sinh v’bwljdc 
cash vg/c 
w 
from which we may form a sequence of “Fredholm approximants” in an 
obvious way. The results are also shown in Table I. 
In our second example, an integral similar to N (Eq. (6)) appears 
which cannot be evaluated by elementary methods. It is possible to 
compute the value of N using the Pade approximant method as follows. 
If we expand 
[~-y~=u+ii,2+y,4+ . . . 
1 P=-& 1 a=-, 9 y=525’--- 
(11) 
we must cut off the integral at an upper limit K to integrate term by 
term. Since N is finite as K goes to infinity, we form a modified Pad& 
approximant as follows 
The limit I< -+ cc is evaluated by calculating the value ol’ the modified 
Padi: approximant at the magnitudca of the first pole of its denominator.2 
We find 
which may be compared with the exact result 
2” jj7 = ;$ = 0.13333333 
n 
(13) 
III. THE ENEKGY OF ii liEriM GAS OF HAIKU SPHERES 
We start with a repulsive square well potential of radius c and “depth” 
T’. The first two terms in the iterated solution of Brneckner’s K-matrix 
equation are 
. 
(k’lK(p)Ik) = (k’lv//k) - &I dk” (k”;!:;‘)!k;/yb’ 
1, (15) 
Because of the exclusion principle, the integral is restricted to run over k” 
I&P + k”/ > kF 
/&p - k”/ > kfi 
where kF is the Fermi momenjum. We are using unmodified energy 
denominators because we want the energy of the system only up to 
order V2. We assume that the K-matrices are relatively independent 
of the total momentum p of the interacting pair and substitute p = 0 
everywhere. 
We need only the diagonal elements (k’ = k) of K and the exchange 
terms (k’ = - k). The integral in Eq. (20) may be evaluated in the same 
way as iV was evaluated by a Padi: method in our previous example; 
namely, by expanding the potential matrix elements in powers of c. It 
is again necessary to cutoff at an upper limit K; we shall let K -+ 00 
after calculating the total energy of the system by forming a Pad6 approx- 
imant to the total energy which remains finite as li -+ co. We find 
2 We expect to discuss the validity of this procedure for functions with essential 
singularities at CQ in a subsequent publication. Since N(z) has no poles in the finite 
plane, the Pad6 approximant cannot represent N past its first pole; therefore, the 
magnitude of the first pole is as far as we can proceed toward infinity. 
1 ~ - & (k2 + k”” -- kk”p 7 kk”j.4) c2 /z”~ - k2 (17) 
< 
where ,u is the cosine of the angle between k” and k. (The - sign for 
k’ = k ; the + sign for k’ == ~ k; however, this term vanishes upon 
integration anyway) 
W’e make use of tables [2] of elementary integrals to obtain 
The terms with. In / (K + k)l(K - k) ( have a finite limit as K + CO, namely 
zero, so we drop them immediately. 
As previously stated, we will not form a Pad6 approximant to take 
the limit K --t 00 at this point; rather, we will calculate the total energy 
of the system first and then make a Padi: approximant. 
The potential energy of the system is 
Since the K matrices do not depend on p, we use as variables 
m-+n =p 
(21) 
J(m - n) = k 
The Jacobian of this transformation is 1. We integrate over the p’s such 
that 
to find 
/cl; 
;kF8 -4kF”k+;k3 (23) 
The terms in the last parenthesis in Eq. (23) arise in the following way: 
. -. (kjKjk) = + - 1 
(- LIKIk) = $ - & (5%~)~ - I 
. - . 4(klKlk) - (- klKlk) = (last parenthesis) 
In spite of the complicated appearance of I as given by Eq. (lY), 
all of the integrals in Eq. (23) are elementary: 
I$ 
c kn dk ln!” ’k kF - k = Anfl k$-i-l 
i, 
(26) 
where the A’s are [3] 
U’e find 
112 
(1 - (- 1)‘y Iogd + 2 (1 - (- l)+y/lJ 
I 
(26) 
v=l 
i 
+ 
> 
c2kF3 #- glog2 +--- 
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First, we make a modified [l, 0] Pad6 approximant to the terms with 
K and Ks to find the limit as K --f m. We find in the same manner as 
in Eq. (13) 
Finally, we make a [l,l] Pad& approximant to 
ag - bg2 ag 
-+ iqi+bgla- 
+a2b as ,Y - O” (29) 
where 
a = l/9 + kF2 c2/225 (30) 
--& kF2c2 
3 l/2 
)I i 9c - kF(.14021762 -j- 0.038339456c2 kF2) 1 / I 
MV 
-tii + 3kF3 a2/(nb) 
We may compare this expression with results derived by other methods. 
We find to order c2, 
MT’ kF3c -=-- 
fi2 n i 
5% 
v ix - 1.2619577 kF c 
w c (0.811155 $ 0.2640344 kF c) 
(31) 
whereas the exact result to this order is [4] 
M; = k;: (1 + 0.5246 kF c) (32) 
The error in the first term of Eq. (31) corresponds exactly to the error 
5/6 in the scattering length calculation since the Lenz term comes entirely 
from the upper limit. 
Our expression Eq. (31) for V is infinite for Y,, m 0.6 c. This is reason- 
able in view of the fact that the density of the system cannot exceed 
some such limit. 
If we have a function reprvsent~v.1 l)~, a power series about the origin 
and we know that it goes to infinity like 2’ then the sequence of Pad& , 
approximants [j5, $ + k converge 50 tllat 
While we cannot give a completely rigorous proof of this result, we can 
give a sufficiently detailed discussion to make (38) appear to be true for 
at least a certain class of i(z) and to illuminate the nature of the Pad& 
approximant.3 We restrict our discussion to the case k = 0, for simplic- 
ity. The case k # 0 can be reduced to the k = 0 case suitable 
manipulations. 
Let us consider l(z) regular except for poles such that there exists ;I 
series of contours going to infinity on which If(z)1 < L. Then we must 
have [6] 
If we also assume ,Xz= r lb,Jl~,,I converges then 
Let the Ja,j be ordered. Thus for 
we may expand and reverse the order of summation 
(35) 
(36) 
3 Recently, Lu Ke [5] has proved for a different class of functions than we are 
considering that lim {[p, $1 - f(z)) = 0 except where f(z) is singular or cut and 
P-m 
the point z = cu. He also gives explicit formulas for the [p, p] Pad& approximants 
for this class of functions. 
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To obtain the [N, N] Pad& approximant for f(z), we note that if 
ftZ) z 2 fj zi, c(z) = 2 ci zi, D(z) = jj dj z 
j=o j-0 i=O 
f(z)D(z) - C(z) = o(P+1) 
then part of the equations for the coefficients are 
Ry Cramer’s rule for solving linear equations we easily find 
I lo fl . . . fN 
(38) 
(40) 
cofactor of f. 
If j?, and cc, are the residues and locations of the poles of the [N, N] Pad6 
approximant, then we find, in a manner similar to the derivation of 
Eq. (37), that they satisfy the equations 
(41) 
If we define ti(N) as (- l)j times the jth symmetric function of the 
%(qN = 1) and multiply the jth row of the numerator of (40) by z#V) 
and add all these products to the zeroth row, then all but the first term 
is zero as 
T 
20 t.N&i 7 Z 0 (42) 
j=o 
since Eq. (42) is the characteristic polynomial of the a,-,-l. We then obtain 
AN = A + ( 2 &,/a, - 2 /In/~) 
n=l n=l 
(43) 
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l3.e expect the term in parenthesis to go to zero as N - 0~). Consider 
M < N such that j~,,i -< la.W.+, 1. Then, if N is large enough we may make 
as small as we please so that the rut = 2N - 2M + 1,. . .2N equations 
will determine &, G, ~6 < M, as closely as we like. The remaining N - M 
poles will be determined with varying accuracy. Over all we would not 
expect the error in (43) to be larger than, say, some constant times 
z:== iv+1 lb,/a,$ and so it tends to zero as N tends to infinity. 
From our analysis, we see that the [N, N] Pad& approximately 
reproduces the closest N poles in the rational fraction expansion of f(z). 
If the poles recede rapidly, as they do in the scattering length example, 
then the approximation becomes good quickly. 
IV. CONCLUSION 
The idea has many applications. For example, it is usually asserted 
that the no distortion approximation (as used in the n - d scattering 
problem, for example) is not applicable to potentials with hard cores. 
But obviously we can calculate the no distortion approximation for a 
weakly repulsive core and find the first two terms in a power series 
expression (say for the n - d quartet scattering length) and pass to the 
limit of an infinitely repulsive core by forming a Pad6 approximant 
(A finite potential exterior to the core can be carried in the calculation.) 
In such a problem, it is probably possible to prove that the procedure is 
correct and to ascertain the degree of approximation for a low order Pad& 
approximant . 
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